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Polymerization in Expanding Catalyst 
Particles 

W. R. SCHMEAL and J. R. STREETa 
Shell Development Company, Emeryville, California 

Four models are presented to describe polymerization in  expanding catalyst 
particles. The globules are presumed t o  be expanding with accumulating polymer, 
and catalytic reaction sites are dispersed throughout the polymer matrix which i s  
forming about them. Monomer must diffuse through the polymer to  polymerize a t  the 
catalyst sites. 

i s  a ratio of characteristic diffusion time to  
reaction time which i s  a measure of the importance of diffusion relative to reaction. 
Polymerization rates are predicted by the models which are generally dependent on 
the controll ing mechanism. Broad molecular weight distributions are predicted for 
cases of diffusion control (large IY.) for those models i n  which catalyst sites are not 
equally accessible to monomer. 

Polymerization rates decline toward an asymptotic f inal value as the particles 
expand i n  diffusion-controlled cases. Most of the decline which would be readily 
observable i n  a laboratory experiment would have occurred by the time the particle 
radii had increased to about three times their original value. 

The Thiele modulus (a), R d m ,  

Solid polymerization catalysts fluidized in  a material 
that does not dissolve the polymer expand with accumu- 
lating polymer during reaction. These particles may grow 

more than 10,000-fold in volume during polymerization. In 
fact, since catalysts are generally much more expensive 
per unit weight than the polymers they produce, a consider- 
able increase in s ize  during polymerization i s  usually a 
prerequisite for the associated process to have commercial 
value. Otherwise, the catalyst must be recovered. aPresent address, Shell Chemical Company, Deer Park, Texas. 
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The polymerization of a-olefins via a Ziegler catalyst i s  
an example of the above type (2, 3, 6, 7, 10, 11, 14, 16, 17L 
Presumably others will fall into this class, such as the 
generally insoluble polymers like polyphenylene (13). 

featuring high yield. In each, monomer diffuses into the 
catalyst particle and combines with a polymer chain at- 
tached to a reaction site. The particle i s  assumed to be 
polymeric because the catalyst i s  quickly diluted in accu- 
mulating polymer. The addition i s  presumed to occur at the 
site 

We will consider four physical models for polymerization 

M + Li -+ Li+l 

L ;  i s  a polymer chain of i units of the monomer M, and i t  i s  
alive and attached to a site. An empty site i s  denoted by 
Lo. More complex kinetics will be considered in a later 
paper; physical mechanisms are to be emphasized here. 

In the expansion models sites are considered to move 
outward as they are engulfed and diluted with the polymer 
they are producing. Sites are assigned a concentration 1 
which may be a function of radial position and time. 

There are a variety of ways in which reaction sites may 
be transported during polymerization (for example, as parts 
of moving catalyst chunks). Perhaps none of the actual 
mechanisms that exis t  corresponds exactly to any of our 
proposed models. I t  i s  hypothesized, however, that the 
models which are presented are limiting cases for numerous 
actual mechanisms. 

Particle macrostructure may develop for some reason, re- 
sulting in a porous globule. Our models would then de- 
scribe an individual subparticle, provided i t s  characteristic 
diffusion time R2/nZD were greater than that for the entire 
particle. R i s  the pertinent radius before expansion and D 
i s  the appropriate diffusivity. 

Extremely simple chemical kinetics are considered and 
the particles are assumed to be spherical. Mass transfer in 
the continuous fluid phase i s  assumed not to limit the reac- 
tion and monomer i s  thus assumed t o  be  at thermodynamic 
equilibrium between the fluid and the (polymeric) particles. 
Particle expansion effects will be considered here and 
polymerization rates  and molecular weight distributions 
will be calculated for the various models. We will con- 
sider some other effects in subsequent studies. 

Various morphological possibilities are covered as well. 

consistent with the conservation of mass, the flow model. 
In the first, the s i tes  are distributed evenly throughout a 
stationary inner polymeric sphere. Site concentration is a 
function of radius and time in the second model and the 
base model is used a s  an initial condition. Numerical so- 
lutions are presented for the moving boundary problems pre- 
sented by the flow model and analytical solutions are de- 
rived for the polymeric core model. 

REACTION RATES 

It i s  of interest to observe how the various physical and 
chemical parameters affect the polymerization rate, accord- 
ing to the predictions of the models. We shall also em- 
phasize the behavior of the specific polymerization rate 
versus time, because both constant (3, 7, 14) and declining 
(6 ,  11) rates are noted for a-olefin polymerizations that are 
presumably analogous. 

The conservation of mass may be expressed in dimen- 
sionless form for the base model as 

(1) 

Boundary conditions are 

c = c s  q = 1  

A distribution coefficient KD, a ratio of volumetric molar 
concentrations in polymer and solvent, is included in the 
definition of the dimensionless concentration of monomer in 
the fluid medium cs. 

We shall assume throughout that the characteristic time 
of the processes taking place within the particle i s  shorter 
than the residence time of the reactor, so that the accumu- 
lation term may be discarded in Equation (1). Investigation 
of Equation (1) using LaPlace transforms shows that the 
predominant decay term i s  exp [-(a* + n') 21. Reassign- 
ment of dimensions yields the following expressions for 
characteristic t ime T:* 

1 
kl  

T = -  for a >> 1 

PHYSICAL MODELS 

Frequent reference will be made to the base model be- 
cause of i t s  simplicity. For this model, it i s  assumed that 
a nonexpanding polymeric particle has s i tes  distributed 
evenly throughout i t  with concentration 1. This  model may 
be realistic in some cases because radius increases only 
as the cube root of volume increases and the relative 
growth of a particle (dr / rdt )  slows after the initial stages 
of polymerization. The model, because of i ts  simplicity, 
serves a s  a convenient base case for investigation of the 
effects of complicating phenomena. 

The solid core model i s  another good reference model 
because i t  i s  elementary. Here, polymer i s  assumed to  ac- 
cumulate about a catalyst sphere, the surface of which s u p  
ports the polymerization. Monomer diffuses through the 
growing polymeric coat. Both Begley (2) and Seinfeld (16) 
have chosen this model for their studies of propylene poly- 
merization. They have considered cases of more compli- 
cated kinetics than have been introduced here. 

sion models. I t  i s  desirable to provide for a generalized 
mechanism of site transport in the growing particles. To 
do this, two limiting case models are considered: one in 
which s i tes  move infinitely slowly, the polymeric core 
model; and one in which s i tes  move at a maximum velocity 

These models provide a base for the study of the expan- 

We shall show later that in general large a means diffusion 
control and small a indicates reaction control. 

The solution for Equation (1) without its capacity term i s  

sinh aq 
c=cs- 

7 sinh a 

Thus the dimensionless flux of monomer at the particle sur- 
face i s  

(3) 

From this, i t  may be seen that the specific reaction rate, or 
volumetric rate of disappearance of monomer divided by 
monomer concentration in the fluid, is proportional to 

f ( a )  = a coth a - 1 (4) 

This specific rate i s  constant versus time and a function of 
the physical parameters. 

'Characteristic time T means the process decays like 
exp (- t/ T). 
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The limits of f ( a )  for large and small a are of interest. 
I t  i s  apparent that 

A factor of 3 i s  introduced to make this development corre- 
spond to that for the base model and the polymeric core 
model. vS i s  the dimensionless radius of the entire sphere, 
which increases in proportion to the generation of polymer, 
or the flux of monomer at the surface of the sphere (since 
the accumulation term has been ignored). That i s  f ( a )  has a second-order zero at the origin. Note, however, 

that 

Equations (10) and (11) may be solved and the monomer 
flux calculated: 

Using the Taylor expression Dimensions may be reassigned so that the specific rate 
constant may be calculated: m -=pn 1 

1 - x  
a2 (14) 

n=O 

we find that 

f ( a )  1 a* a' 1 
lim - J 3  - +...)(1-6t...) = -  3 

Here vp refers to the volume of catalyst excluding the 
polymer per unit reactor volume and R i s  the solid core 
radius. 

Note that for large a 
For small a then 

a2 
3 

f ( a )  = - (6) 

(15) Reassigning dimensions, the specific reaction rate de- 
fined above i s  

and for small a 
(7) D k* -+ 7 G a', 

3R 
(16) 

For large a 

k* = ~ 3 V ~ K D  q z  (8) 
R 

Thus large a implies complete diffusion control with spe- 
cific rate constant declining to an asymptotic value as the 
particle grows: 

and for small 

k* = V p  KD kZ (17) 
3 0  V ,  K D  

R2  
k* -+ (9) 

For small a, the process i s  reaction controlled and the 
monomer has complete and unhindered access to  every re- 
action site. The specific polymerization rate i s  propor- 
tional to the number of s i tes  per unit volume of solution 
and the activity of these s i k s .  For large a the process i s  
weakly dependent (to the square root) on s i te  activity, num- 
ber of s i tes ,  and monomer diffusivity in the polymeric 
medium. In both extremes, specific rate i s  proportional to  
monomer solubility in the polymer. 

Small CI indicates reaction control and a specific rate con- 
stant independent of particle size: 

k* -+ V ,  KD k (18) 

For the las t  case of reaction control the solid core model 
and the base model predict results which are indistin- 
guishable because the important processes are not trans- 
port limited. 

The results for the solid core model for the case of dif- 
fusion control given in Equation (17) show complete 
independence of the specific reaction rate upon the actual 
chemical rate constant. Thus apparent catalyst activity i s  
a function only of monomer permeability and catalyst size. 
The predicted rate decline i s  worthy of closer investigation. 

Let  us find the relationships among the specific rate 
constant, the s izes  of the growing spheres, and the amount 
of polymer produced. The solution to  the left equality in 
Equation (12) is  

71: = 1 + YP (19) 

y p  is the volumetric ratio of polymer to solid catalyst. 
Equation (19) merely states that the relative particle radius 
is proportional to the cube root of relative volume. 

The relation between particle radius and specific reac- 
tion rate is given by Equation ( 14). which may be 

RATES FOR THE SOLID CORE MODEL 

an inner core and monomer diffuses through i ts  growing 
polymeric coat. The pertinent conservation equation for 
the outer coat is, in dimensionless form 

In the solid core model, reaction occurs at the surface of 

(10) 

The accumulation term has been ignored. The boundary 
conditions are 

(11) 

c = c ,  q = q s  
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rearranged: 

a. n nrclim calm1 

1 I 1 I 

- 1 = 1 + 2 - -  3 GD 
T I S  k* RZ 

(20) 

Equations (19) and (20) give a relationship between spe- 
cific reaction rate and polymer production: 

3Vp KD D 
R' 

3Vp KD D 
R' (21) - k* = 

3 1  l + - - -  
3 1 1 + - - -  
a' $ i i  a2 '7s 

Thus k* begins at V, K D  k at time zero, indicating that 
there is no diffusive resistance [see Equation (18)l. As 
polymer production y p  increases, k* declines to the a s y m p  
tote given by Equation (17). Typical curves for specific 
reaction rate versus polymer production in dimensionless 
form are shown in Figure 1 for various Thiele moduli a. 
Equations (12) and (13) are used to construct this figure. 

REACTION RATES FOR T H E  EXPANSION MODELS 

In the expansion models reaction occurs at active s i tes  
which are embedded in polymer and which are moving 
radially outward. Therefore, as stated previously, we con- 
sider two limiting cases for the expansion models-the 
polymeric core model, in which sites move infinitely 
slowly, and the flow model, in which sites move with the 
velocity of the polymer surrounding them. In both of these 
cases reaction rate expressions are similar to those de- 
rived for the solid core model. In fact, the solid core 
model and the polymeric core model predict identical rates. 
It will be shown later that the molecular weight distribu- 
tions predicted by these models are quite different, 
however. 

core model are, in dimensionless form 
The equations of conservation of mass for the polymeric 

a ($2)- a'c = 0 inner sphere (22) 
7l2 aT, 

i~: (7' $) = 0 outer sphere 

with boundary conditions 

- 0  ac 
aT, 
- _  q = o  

d C  
C, -continuous q = 1 av 
c = C r  v = 7ls 

(23) 

The development of the rate  expressions for the polymeric 
core model is the same as that for the solid core model, ex- 
cept that the definitions of the rate constants k and thus 
the Thiele modulus a are different. In the latter case the 
rate constant represents a constant for surface reaction and 
in the former case, the first order constant k represents the 
constant for a volumetric rate as in the base model. 

derivative are analogous to Equations (2) and (3): 
The solutions to Equation (22) for c (7) and its first 

sinh aq 
7 sinh a 

c(q) = c(1) - (24) 

and 

- _  - c ( l )  (a coth a - 1) for = 1 ( 25? 
a17 

Thus Equations (22) and (23) may be replaced by the 
equations for the solid core model, Equations (10) and (11). 
except that the latter must be modified to 

ac 
a17 ( l la )  -= (a  coth a - 1)c  q = 1 

c = cs 77 = 7, 

The development for polymerization rate for the polymeric 
core model proceeds as in  Equations (12) to (21), except 
that a2/3 must everywhere be replaced by a coth a - 1 or 
f(a) [see Equation (4)l. 

(positive) a are given in Equations (5) and (6). I t  follows 
that the results derived for the solid core model for these 
limits, Equations (15), (17), and (18), also apply in  the 
case of the polymeric core model. Figure 1 also applies 
except that a2/3 becomes f ( a )  as noted above. 

The values of f(a) in the limits of large and small 

RATES FOR T H E  FLOW MODEL 

Reaction sites are fiee to move or flow outward with the 
polymer according to the limiting case of the expansion 
models, which we call the flow model. Continuity equa- 
tions must be constructed in this model not only for mono- 
mer, but for polymer and catalyst sites. These are 

( 26) 

(27) l a  
rz dr 

p - - (urz ) - kZM = 0 polymer 

az --- I a ( u ~ r 2 )  = - catalyst sites 
r z  ar at 

Note that the incompressible polymer of molar density p 
(moles of monomer/volume) is convected with velocity u 
and is formed via  reaction. The sites are convected also 
with velocity u and accumulate locally at a rate of dZ/at. 

In dimensionless form, these equations are 

(29) 

(30) 

(31) 

Again the accumulation term has been neglected in 
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Equation (29). The boundary conditions are 

- u = o  ' I = o  
ac do 
a-/i=a-/i- 

(32) 
c = cs 'I = 77s 
1 9 = c = c s = l  T = O  

A condition i s  needed to describe the variation of monomer 
concentration in solution cS' For example, for a batch 

i 
p 
C 

s 
.i 

(33) 

ch.c.ct.rirtic. ." 
.I_ p"icl. ** 

?=a1 0.2 0.3 0.4 0.5 0.6 

I I 
0 0.5 1.0 1.5 2.0 

For a particle in a continuous stirred-tank reactor at steady 
state 

0t.her expressions for cs may be defined corresponding to 
other reactor systems. 

and (30) imply 
Equations (29) to (31) may be simplified. Equations (29) 

(34) dc u = y -  
dl 

This and Equation (31) yield 

(35) 

We will replace the set of Equations (29) to (31) by the 
equivalent set, Equations (29), (34), and (35). This  set 
will be solved numrically for cases of diffusion control 
a >> 1. 

characteristics of Equation (35). 
Define two independent variables, p and s, which are the 

(36) 

By the chain rule of partial differentiation, I9 i s  determined 
as a function of s by an ordinary differential equation along 
curves of constant p :  

I t  also follows that 

(37) 

(38) 

The curves of constant p are the characteristic curves of 
the first-order partial differential equation (35) and 
sketches of them in the ('I, T) plane are shown in Figure 2. 
By Equation (36), the rate of change of radius with t i m e  

along one of these curves i s  u, the catalyst s i te  velocity. 
Thus the curves are what are known in fluid mechanics as 
particle paths (I). Therefore the s i tes  move outward within 
the particle along trajectories which are the characteristics 
of Equation (35). The curve which intersects '7 = 1 at time 
zero (7  = 0) represents the surface of the globule. 

We have solved the set of Equations (29), (34), and (35) 
by integrating Equation (38) along a set of characteristics 
using the numerical procedure of Runge-Kutta (9). The 
particular characteristic curves are chosen by dividing the 
(radial) 17 axis into increments at time T = 0. The slope of 
each characteristic curve in the (7,  T) plane i s  u ('I, T), and 
i s  given by Equation (34). Each time the monomer concen- 
tration c i s  needed, Equation (29) must be solved. 

We solved Equation (29) exactly (locally) in the intervals 
A? adjacent t o  each characteristic using a constant value 
of 8 evaluated at the characteristic. The solutions were 
then expanded in Taylor ser ies  about their generating char- 
acteristic and all terms in 7 - q L  of order greater than 2 
were discarded. We noted that the error for this truncation 
was of the order of 

[a @ ('I - 77A' 
This provided the criterion for choosing the s izes  of the 
intervals A? between characteristic curves. We chose the 
condition that initially 

A q  < 0.4 a \/e 
unless a < 10, in which case 

Aq < 4  48 
Whenever the curves grew apart as T increased, so that 
A 7  exceeded a @/2, the increment was halved by the con- 
struction of a new characteristic curve between the two 
diverging ones. 

Our results showed a similarity between this flow model 
and the polymeric core model but with a somewhat greater 
rate exhibited by the former. A comparison of rate versus 
production curves for the two models i s  shown in Figure 3 
for a diffusion-controlled case of a = 48. One would as- 
sume that an expansion model involving s i tes  which were 
hindered somehow as they moved outward would feature a 
rate curve which fell between those limiting case curves 
shown in the figure. Note that a declining rate is predicted 
that levels out above a production of about 10 to 20 vol. of 
polymer per volume of catalyst. This is a two- to threefold 
increase in particle radius. 

I t  i s  of interest to  observe the paths of the reaction s i tes  
during polymerization as predicted by the flow model. Fig- 
ure 4 shows these characteristic curves for the diffusion- 
controlled case a = 48. Note that i t  i s  the s i tes  in an 

'" I 

! I  t \ 

I I I I 
1O-I I ,O Id 

10-1 

Dimmia1.u Produoia, _I Polyar/rol  C.lalW. ~p 

10-2 

Fig. 3. 
expansion models, the polymeric core model, and the flow 

Rate versus production predicted by the limiting c o s e  

model f o r  a c o s e  of diffusion control. 
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F ig .  4. Characteristics or paths of  cata lyst  sites a s  predicted by 
the f low model for diffusion-controlled reaction. 

outer shell of the catalyst which support the reaction. A 
s i te  which resides initially at a radius, q = 0.9, will not be  
pulled outward appreciably, indicating that  there is not 
much reaction occurring on the s i te  and that i t  i s  starved of 
monomer. 

In the reaction-controlled cases of small a, diffusion is 
no restriction and all the sites are equally accessible tu 
monomer. All s i tes  move outward because they are s u p  
porting reaction and polymer i s  being produced about them. 
The size of the globule does not affect the total polymer- 
ization rate, and s i tes  should be equally distributed 
throughout the polymer globule. 

MO L EG U L AR WEIGHT D ISTRl BUTIONS 

Broad molecular weight distributions are predicted for 
cases of diffusion control (large a) for those models in 
which sites are distributed throughout polymer, the base 
model, polymeric core model, and flow model, in particular. 
The solid core model, on the other hand, would predict a 
narrow distribution because, although the s i tes  are buried 
in polymer, they are equally accessible. 

moments and certain ratios of these. Le t  Z i  be the number 
of sites per unit volume to which polymer chains of length 
i are attached. Thus 1, represents the concentration of 
empty  sites. Define the number average and weight aver- 

AKhE Journal (Vol. 17, NO. 5 )  

We shall describe molecular weight distributions by their 

age molecular weights MN and Mw (4 ) :  

2 i l i  

m 

We shall define the ratio of these as the Q value 

2 z i  
i=O 

(2 i=O 

(39) 

(40) 

Note that this expression is merely a ratio of moments. 
The Q value can be a measure of the broadness of a dis- 

tribution, although bimodal as well as polymodal distribu- 
tions can have high Q values. A spikelike distribution has 
the minimum Q value of any distribution, Q = 1. 

sionless s i te  concentration 8i 
We shall use, in the following developments, a dimen- 

6i = li/t!A 

The 8i may be substituted directly into Equation (40) for 
the l i  since the reference concentration cancels out. 

STATIONARY SITE MODELS 

We shall develop an expression for the Q value of the 
molecular weight distribution valid for any model in which 
the s i tes  do not move such as the base model, the poly- 
meric core model, or solid core model. We will use the 
very simple kinetic scheme described earlier, although this 
i s  not a restriction to the use of the methods. 

The conservation of mass in dimensionless form for the 
chains of length i (units of monomer) applied locally i s  

Define the nth moment of the distribution Oi by A, 
m 

A, = i n8 i  
i=O 

(42) 

The set of Equations (41) may be operated upon to yield 
equations for the moments Thus 

m =C ei = e  (43) 
G 

These are local values and they must be integrated over 
the sphere to yield the moments A: appropriate to the en- 
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tire particle. Note that the total concentration of sites on 
the sphere is 

Thus 

477 l'" Oiq'dq 

3 =qs 
e * -  c -  (44) 

Direct operations upon this give expressions for the par- 
ticle moments 

I t  follows that the particle Q value i s  

(45) 

We shall demonstrate a method of solving the differential 
equations (43) and evaluating Q* by Equation (46) which 
applies to  situations in which the sites are not necessarily 
distributed evenly throughout the particle. Le t  the radial 
distribution of sites be described by 8($ .  Then the con- 
servation of mass for monomer in dimensionless form i s  

This i s  analogous to Equations (1) and (22) and the accu- 
mulation term has been ignored. 

The boundary conditions are 

(48) 
c = c*(T) at 7 = 1 

There may or may not be a polymer coat existing outside 
the defined sphere, that is ,  for q > 1. The time-dependent 
monomer concentration c* ( T) contains a l l  the information 
about the processes outside the sphere containing the 
sites. The solution to this problem is 

c(q* T) = C * ( T ) + ( q )  (49) 

where +($ sat isf ies  Equation (47) and the boundary 
conditions 

+'(O, = 0 +(l, = 1 

The local zero moment is, of course 

A, = e (q )  
The local first moment is described by Equation (43) and 
may be found by a direct integration: 

A,(q,  T) = pa'eq c*('r ')dT'  (50) dr 
A new dependent variable p i s  suggested by Equation 

(47) to evaluate the above integral. This may be related to 
time T by Equation (12): 

(12) 

p is the dimensionless amount of polymer formed and will 
be substituted for  in the following development. It fol- 
lows from Equation (47) that 

1 (p) = aZ c O ( q ) q z d q  (51) 
v '=1 

A direct integration gives 

This may be substituted into Equation (50): 

A, = 
p e 4 P  (54) 

Integration according to Equation (45) gives the first 
moment over the particle 

This expression might have been deduced by noting that 
the number average molecular weight is the weight of 
polymer divided by the number of chains. A direct inte- 
gration for the second moment according to  Equation (43) 
gives 

A; = P P  ( 55) 

2 p 2 a 2 e 4 2  iT pc*dT' 

3G 6' 8q5q2dq 
A, = A, + (56) 

The integral in the numerator may be  simplified by using 
Equation (52). This may be rearranged to give 

Thus 

J O  (58) 

P Z  

There the local second moment i s  

The second moment over the entire globule is given by 
an integration like Equation (45): 

P 2 p 2  4' p 2  dq 

A: = A; + (60) 

3 p % q 2 d q ] '  

Thus the Q value for the sphere i s  
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Note that the  second term is independent of t ime or poly- 
mer accumulation and the first decays away in  time. FUP 
thermore, we have not specified what type of reactor i s  
used since this information is contained in c* ( T). Thus 
the results apply equally t o  a particle in a batch reactor, 
continuous stirred tank, or semicontinuous batch. The re- 
sults a lso apply to a particle that has been in several re- 
actors provided the total time spent adjusting to steady 
monomer profiles has been small .  

Let us  consider several specific examples. For either 
the base model or the polymeric core model, the site con- 
Zentration i s  constant over the sphere O(q) = 1 and the 
monomer profile i s  given by Equation (2); 

(62) 
sinh a? 
7 sinh a 

+(7$ = 

Thus, the integrals in Equation (61) are 

a cosh a - sinh a 
az sinh a (63) 

JO 

Therefore 

&* 

For large a 

sinh 2a - 2a 
4a sinh’ a 

[’ 0+’q2d7 = 

and 

(64) 
1 a3(s inh  2a - 2a) 

p p  + 12(a cosh a - sinh a)’ 
- 

a 
sinh a = cosh a = !2- 

2 

l a  lim &* =-- 
a+m ~ p + 6  

(65) 

For small a, make a Taylor expansion in  a for the nu- 
merator and denominator of Equation (64). 

1 &* z-+ 
12 a+--a--- ( , 6  

P P  

or 

Since the transient term in each of these expressions i s  
the reciprocal of the first moment, it i s  easy  to see that it 
decays rapidly. Thus the above results show that for dif- 
fusion control, large a, the Q value i s  given by one-sixth 
the Thiele modulus (a) and for reaction control, small a, 
the Q value approaches unity. This demonstrates how dif- 
fusion can create a spread in the molecular weight distri- 
bution. The narrow distribution predicted for small a could 
be derived by ignoring diffusion; the resultant distribution 
i s  a Poisson distribution. 

model may be derived easily using Equation (61). The re- 
action sites are a l l  positioned at the surface of the sphere, 
and thus the distribution of sites 8 ( $  is a multiple of the 
dirac delta function. 

The molecular weight distribution for the solid core 

e(77) = (67) 

AlChE Journal (Vol. 17, No. 5 )  

Substitution of this into Equation (61) gives 

A Poisson distribution i s  predicted regardless of the 
nature of diffusion. 

MOLECULAR WEIGHT DISTRIBUTIONS 
FOR THE FLOW MODEL 

of i monomer units are, accordirlg to the flow model, as 
given by Equation (41), with the addition of terms to ac- 
count for site convection: 

The conservation equations for s i tes  containing chains 

The manipulations which changed Equation (31) into the 
first-order partial differential equation (35) may be used 
here to convert Equations (69) to 

ae, ae, 
aT  all - + v - = -Pa2c eo - Yazceeo 

These equations may be solved along their characteristic 
curves, which are the particle paths described previously 
in Equation (36). They may be operated upon also to give 
equations for the moments analogous to Equations (43). 

(71) 

These equations for the moments of the developing dis- 
tribution were integrated numerically along the characteris- 
tic curves simultaneously with Equations (29), (34), and 
(35). The moments over the entire particle were evaluated 
at given times T by integration of the local moments over 
the sphere according to Equation (45). For large a, the 
Q values for the entire particle were found to increase with 
polymer production p and decrease mildly after reaching a 
maximum as the value of polymer produced reached a value 
of about 100 times t h e  catalyst volume. 

The maximum Q value predicted by this model increases 
with a, as predicted by the stationary site models. A 
broader distribution (larger Q) is given by the flow model 
as shown in Figure 5. The maximum Q value appears to be 
independent of P. 

For small a, the processes are reaction controlled and 
the flow model gives results identical to those of the poly- 
meric core model because the s i t e s  are equally accessible 
to monomer. Thus a Poisson distribution is predicted for 
small a, and Q approaches unity. 

tors and continuous stirred-tank reactors. Results for 
Q values and the f i rs t  three moments of the distributions 
were identical for both types of reactors in every case in- 
vestigated. This useful result is the same as that found 
for the stationary site cases. This means that  the molecu- 
lar weight distribution depends only on the amount of poly- 
mer accumulated and the nature of the particle itself rather 
than the history of the particle. 

Calculations were carried out for particles in batch reac- 
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SOME OBSERVATIONS ON a-OLEFIN 
POLYMERIZATIONS 

duction of TiC1, with aluminum alkyls, consists of aggre- 
gates of particles in the s ize  range, 100 to 1,000 (8). 
Buls and Higgins have confirmed this and have demon- 
strated, using electron microscopy, that polymer forms on 
these aggregates in  such a way that the units retain their 
identity during polymerization (5). Furthermore, the aggre- 
gates of catalyst break up and become dispersed as small 
pieces in  the polymer that i s  being produced from them. 

W e  feel that the existence of the smaller units of a poly- 
mer globule is important in explaining the theory of replica- 
tion presented by Berger and Grieveson ( 3 )  and Mackie et 
al. (12)  for polyethylene. Polymer globules are observed to 
replicate the shape of the catalyst particles which produced 
them, with a magnification depending on yield which i s  
often greater than 1,000 x (18). Catalysts which are 
shaped like needles, spheres, or pin cushions produce 
similar particles of polymer. This i s  illustrated by Mackie 
et al. (12). 

Replication during a polymerization in which the particle 
grows in s ize  by a factor of 1,000 or more would not be an- 
ticipated from consideration of the second law of thermody- 
namics or from rheology. Replication involves the transfer 
of information about catalyst shape through numerous 
events during the formation of a polymer globule. Magnifi- 
cation occurring at a given rate determines the local poly- 
meric fluid acceleration and rate of strain. One would 
anticipate from rheological considerations that a constitu- 
tive equation between s t ress  and rate of strain would apply 
during magnification which would result in s t ress  being 
placed on interior and exterior particle surfaces acting to 
deform them. 

Apparently the force relationships between the smaller 
units of a polymer globule dominate rheology and allow 
replications. Visualize a polymer globule at any t i m e  to  
be a multiply connected domain of arbitrary shape. The 
complementary domain may be disjoint; that is, the globule 
may be full of holes. Suppose the globule consists of in- 
finitely small units of equal s ize  which magnify at the 
same rate, retain their shape, and are constrained to keep 
their relative orientation to  one another. Any curve in the 
domain grows at the same relative rate as the small units 
because it consists of segments which are chords within 

Hock has shown that  TiC1, catalyst, produced by the re- 

the units. A domain in which a l l  curves contained in i t  
grow at the same rate undergoes a magnification by 
definition. 

Diffusion into the smaller polymer units and into the pri- 
mary globule may be by different processes. We would an- 
ticipate polymeric diffusivities in the range lo-’ to 
sq. cm./sec. for poly-a-olefins (15) to be important in the 
small units, and higher diffusivities to apply in the pri- 
mary globule because of the existence of paths. Either or 
both could in theory be rate determining steps. 

Different systems may exhibit different controlling mech- 
anisms. Natta observed no effect of catalyst s ize  on rate 
(14); yet Mackie et al. found that spheres and needles give 
polymers of different molecular weights in the same reac- 
tor (12). Constant rates ( 3 )  and declining rates (6) are 
observed. 

Broad molecular weight distributions occur for cases of 
living polymer, and Buls and Higgins report Q values for 
isotactic polypropylene in the range 8 to 9 under batch re- 
action conditions of variable temperature, monomer concen- 
tration, and in the presence or absence of the termination 
agent, hydrogen (5). This  might imply the existence of 
diffusion control and a value of the Thiele modulus be- 
tween 10 and 50 if our models are applicable (see 
Figure 5 ) .  However, uncertainties in K D ,  R ,  k ,  1, and D 
are great enough that these experiments cannot be used to 
discriminate between the complicated models described 
above and other models. 

CONCLUSIONS 

Four physical-mathematical models are presented for the 
expanding catalyst particles which are composed mainly of 
accumulating polymer. Polymerization rates and molecular 
weight distributions are predicted for each using a very 
simple kinetic model for the polymerization reaction. 

1. In the base model, particle growth i s  ignored and 
catalyst s i tes  are assumed to  be dispersed evenly in a 
spherical matrix of polymer. For cases of reaction control 
or small Thiele modulus a, the polymerization rate is de- 
pendent on the local (s i te)  rate constant and the distribu- 
tion coefficient of monomer in polymer. A narrow molecular 
weight distribution i s  predicted. 

For a = R d m  << 1 
Apparent rate constant, k* = V ,  KD kl 
Broadness of molecular weight distribution, Q Z 1 

For diffusion control, or large a, the rate dependence i s  
distributed evenly between the rate constant and the dif- 
fusion parameter D/R2. Solubility of monomer in polymer 
i s  always important. The molecular weight distribution 
broadens with increasing Thiele modulus. 

For 

a >> 1 
k* = 3Vp  K D  d k l D / R 2  
Q = a/6 

2. In the solid core model, polymer i s  assumed to  accu- 
mulate about a solid catalyst core, the surface of which 
supports the polymerization reaction. The reaction rate 
declines from i t s  initial value to a final asymptotic value 
as the relative radius of the polymer coat qs increases. 

3Vp K D  D 
RZ 

h* = 
3 1  1+---  
az 0s 

For reaction control (small a) the apparent polymeriza- 
tion rate is dependent only on the reaction parameters and 
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is identical t o  the rate predicted by the base model. For 
diffusion control, the initial rate i s  the same as that for 
reaction control, but the asymptotic final rate i s  dependent 
only on the diffusion parameters. 

For 
a >> 1 
k* - 3Vp K D  D/R’ 

Molecular weight distributions are in all cases narrow. 

Q = 1  

3. The first expansion model is a limiting case, the poly- 
meric core model. Catalyst s i tes  are assumed to  be moving 
outward in a polymer matrix with negligible velocity. Thus 
this model i s  similar to the solid core model except that 
the core i s  polymeric and sites are dispersed evenly 
throughout it. The results for polymerization rates, using 
this model, are identical to those predicted using the solid 
core model. Molecular weight distributions are the same 
as those predicted using the  base model. 

s i tes  are assumed to move outward unhindered by the ex- 
panding polymer matrix. This model and the previous one 
predict qualitatively similar behavior. For cases of diffu- 
sion control, the asymptotic rate predicted using the flow 
model i s  almost an order of magnitude larger than that pre- 
dicted by the polymeric core model and a broader molecular 
weight distribution is predicted. 

4. The other expansion model i s  the flow model, in which 

For 
a >> 1 
k* = 30 V p  KD D/R’ (nsymptotic) 
Q = a (asymptotic) 

For small a, or cases of reaction control, all models pre- 
dict the same rate behavior and molecular weight 
distributions. 
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NOTATION 

c = dimensionless monomer concentration in polymer 
cs = dimensionless monomer concentration at surface of 

polymer globule 

of catalyst core 
c* ( T) = dimensionless monomer concentration at boundary 

D = diffusivity of monomer in polymer 
f (  a) = dimensionless apparent rate constant 

G = saturation ratio, 3Vp KD 
k = local polymerization rate constant (second order), 

k* = apparent polymerization rate constant (first order), 
volume catalyst/(time) (site) 

Mtime)  

conc. i n  polymer/(conc. i n  solution) 
K D  = distribution coefficient of monomer in polymer, 

1 = si te  concentration, sites/volume 
l i  = concentration of s i t e s  containing polymer chains 

with i monomer units, sites/volume 
1~ = reference site concentration, sites/volume 
M = monomer concentration in polymer 

MN = number average molecular weight 
M w  = weight average molecular weight 

rn = molecular weight of monomer 

p = dimensionless moles of polymer per unit volume of 
catalyst (referred to  a reference monomer concen- 
tration in the polymer) 

Q = local Q value, Mw/MN or AoA2/,ii 

R = initial radius of particle, length 
r = radial variable, length 
s = characteristic-independent variable of the partial 

t = time variable 
T = characteristic time of a process 
u = velocity of s i tes  or forming polymer, lengtb‘time 
u = dimensionless velocity, uR/D 

Q* = Q value for the entire particle 

differential equation, in this case ,  s = T 

Vp = volume of particles per unit volume of solution 

Greek Letters __ 
a = Thiele modulus, R d k l / D  
/3 = ratio of reference monomer concentration to  refer- 

ence s i te  concentration 
y = dimensionless specific volume of polymer (referred 

to reference monomer concentration in polymer), 
(reference monomer conc) (vol.)/(mol. polymerized 
monomer) 

6(  p )  = dirac delta function 
p = dimensionless radial variable, r / R  

p s  = dimensionless radius of sphere f referred to original 
radius) 

volume 

differential equation 

2 i n 0 ,  

p = molar density polymer, moles polymerized monomer/ 

p = characteristic-independent variable of the partial 

An = dimensionless local nth moment of distribution, 

2-0 
A*, = dimensionless nth moment for entire particle 
$I = solution t o  a differential equation 
T = dimensionless time, tD/R’ 
0 = dimensionless site concentration, l / l ~  

0,  = dimensionless concentration of s i tes  containing 
polymer chains with i monomer units, 1 ~ 1 1 ~  
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